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Introduction
Suppose that A is a Banach algebra, and that X is a Banach A-bimodule. A derivation from A into X is a linear operator D: A → X satisfying
D(ab) = D(a)b + aD(b) (a, b ∈ A).
A derivation D is inner if there is x 0 ∈ X such that D(a) = ax 0 − x 0 a for a ∈ A. The quotient space H 1 (A, X) of all continuous derivations from A into X modulo the subspace of inner derivations is called the first cohomology group of A with coefficients in X. A Banach algebra A is said to be amenable if H 1 (A, X * ) = {0} for every Banach A-bimodule X; here X * denotes the Banach dual module of X. The algebra A is said to be weakly amenable if H 1 (A, A * ) = {0}, and is called n-weakly amenable, for an integer n ≥ 0, if H 1 (A, A (n) ) = {0}, where A (n) is the n-th dual module of A when n ≥ 1, and is A itself when n = 0. The algebra A is said to be permanently weakly amenable if it is n-weakly amenable for all n ≥ 1.
The concept of weak amenability was first introduced by Bade, Curtis and Dales in [1] for commutative Banach algebras, and was extended to the noncommutative case by Johnson in [22] (see also [7] , [9] , [11] - [16] , [21] and [24] ). Dales, Ghahramani and Grønbaek initiated the study of n-weak amenability of Banach algebras in their recent paper [10] , where they revealed many important properties of this sort of Banach algebra. An interesting problem concerning this class of Banach algebras is the relation between n-weak amenability and m-weak amenability for different integers n and m. For instance, if A is a commutative Banach algebra, then the assertion that A is weakly amenable is equivalent to saying that it is permanently weakly amenable ([1, Theorem 1.5]); but, for noncommutative Banach algebras, things are different-we only know that (n + 2)-weak amenability implies n-weak This paper is designed to answer the preceding question. We will construct a counterexample to the question. For this purpose, we study n-weak amenability of the module extension Banach algebra A ⊕ X, the l 1 -direct sum of a Banach algebra A and a nonzero Banach A-module X with the algebra product defined as follows:
(a, x) · (b, y) = (ab, ay + xb) (a, b ∈ A, x, y ∈ X).
Some aspects of algebras of this form have been discussed in [2] and [10] . We choose this class of Banach algebras to investigate for the preceding question because this class is neither too small nor is it too large; it contains permanently weakly amenable Banach algebras (see Section 6) , and it contains no amenable Banach algebras due to [8, Lemma 2.7] , since X is a complemented nilpotent ideal in the algebra. If A has both left and right approximate identities and they are also, respectively, left and right approximate identities for X, then A ⊕ X cannot be pointwise approximately biprojective (see [30] ). The class of module extension Banach algebras also includes the natural triangular Banach algebra whose amenability has been investigated in [12] . We will give some comment on the latter algebra in Section 2.
This paper is organized as follows: in Section 1 we study the construction of module actions of 2m-th dual algebras on 2m-th dual modules. This extends the corresponding discussion in [10] . In Section 2 we give the main theorems which deal with the necessary and sufficient conditions for A ⊕ X to be n-weakly amenable. Section 3 discusses various techniques for lifting derivations. These will be applied in Section 4 to give the proofs of the main theorems. Sections 5 and 6 deal with the special cases of X = A, A * and X 0 , where X 0 denotes an A-bimodule with the right module action trivial. In Section 7, we first discuss the condition for A ⊕ (X 1+ X 2 ) to be weakly amenable, where+ denotes the l 1 direct sum (of modules). Then, we give an example of a weakly amenable Banach algebra of this form and prove that it is not 3-weakly amenable. This finally answers the preceding open question in the negative.
Since
Similarly, we will identify the underlying space of the n-th conjugate (A ⊕ X)
The sum is an l 1 -sum when n is even and is an l ∞ -sum when n is odd.
Bimodule actions of
Suppose that A is a Banach algebra, and X is a Banach A-bimodule. According to [10, pp. 27 and 28] , X * * is a Banach A * * -bimodule, where A * * is equipped with the first Arens product. The module actions are successively defined as follows.
Viewing A (2m) as a new A and X (2m) as a new X, the preceding procedure will successively define X (2m+2) as a Banach A (2m+2) -bimodule. Here, and throughout the paper, the first Arens product is consistently assumed on each A (2n) . Since some relations arising from the procedure are important for later use, we now give the definition in detail as follows.
Suppose that the bimodule action of A (2m) on X (2m) has been defined, where m ≥ 1. Then in a natural way, X (2m+k) , k ≥ 1, is a Banach A (2m) -bimodule with the module multiplications uΛ and Λu ∈ X (2m+k) , for Λ ∈ X (2m+k) and u ∈ A (2m) , defined by
If u = a ∈ A, these module actions coincide with A-module actions on
Throughout this paper, for a Banach space Y and an element y ∈ Y ,ŷ always denotes the image of y in Y * * under the canonical mapping. When F ∈ X (2m+1) and φ ∈ X (2m) , we denote Fφ by F φ andφF by φF . It is easy to check that
By using the canonical image of F or Φ in the appropriate 2l-th dual space of the space that it belongs to, we can then signify a meaning for F Φ and ΦF for every F ∈ X (2m+1) and Φ ∈ X (2n) ; they are elements of A (2k+1) , where k = max{m, n − 1}. Now for µ ∈ A (2m+2) and F ∈ X (2m+1) , we define µF ∈ X (2m+1) by
This actually defines a left Banach A (2m+2) -module action on X (2m+1) . Finally, for µ ∈ A (2m+2) and Φ ∈ X (2m+2) , define µΦ, Φµ ∈ X (2m+2) by
These finally define the A (2m+2) -module actions on X (2m+2) and, therefore, complete our definition. 
For µ ∈ A (2m+2) and φ ∈ X (2m) , since µφ = µφ, φµ =φµ, we have
One can also easily check the relations uf =ûf = (uf )ˆ,
. Therefore, each product agrees with those previously defined.
Concerning dual module morphisms, we have the following. Proof. It suffices to prove the lemma in the case where m = 1. However, for this simple case, the proof is straightforward if we note that τ * * is weak*-weak* continuous.
In the following, to avoid involving unnecessarily complicated notation, for an element y in a Banach space Y , we will use the same notation y to represent its canonical image in any of the 2m-th dual spaces Y (2m) . Take A (n)
X
(n) as the underlying space of (A ⊕ X) (n) . From induction, by using the relations in (1.1) and (1.2), one can verify that the (A ⊕ X)-bimodule actions on (A ⊕ X) (n) are formulated as follows:
Main theorems
Suppose that A is a Banach algebra, and X is a Banach A-bimodule. For n-weak amenability of the Banach algebra A⊕X, we have the following main results, whose proofs will be given in Section 4. For the general case, condition 3 in Theorem 2.1 is equivalent to the following: Proof. Assume, towards a contradiction, that span(AX + XA) is not dense in X. Take a nonzero element F ∈ X * ∩ (AX + XA) ⊥ , and define T : X → X * by
for every continuous
Since F | AX+XA = 0, it is easy to see that T is a nonzero, continuous A-bimodule morphism and that AT (X) = T (X)A = {0}. Also, for x, y ∈ X, we have xT
⊥ . This shows that condition 4 of Theorem 2.1 does not hold for m = 0. So it does not hold for all m ≥ 0. This is a contradiction.
Corollary 2.5. For m = 0, condition 4 in Theorem 2.1 is equivalent to the following:
4 0 . span(AX + XA) is dense in X and there is no nonzero A-bimodule morphism
Proof. Suppose that condition 4 in Theorem 2.1 holds. From the preceding propo-
This shows that xT (y) + T (x)y = 0 for x, y ∈ X. Therefore, T = 0 and so 4 0 holds.
Conversely, if 4 0 holds, and T : X → X * is a continuous A-bimodule morphism satisfying xT (y) + T (x)y = 0 in A * , then, for every x = ax 1 + x 2 b ∈ AX + XA and y ∈ X, we have
Since span(AX + XA) is dense in X, this implies that x, T (y) + y, T (x) = 0 for all x, y ∈ X. Hence T = 0, and so condition 4 of Theorem 2.1 holds for m = 0.
Suppose that A and B are Banach algebras, and let M be a Banach A, B-module. The algebra T with the triangular matrix structure
is called a triangular Banach algebra. The sum and product on T are given by the usual 2 × 2 matrix operations and obvious internal module actions. The norm on
Denote by A+B the direct l 1 -sum Banach algebra of A and B, and view M as an (A+B)-bimodule with the module actions given by
Then T is isometrically isomorphic to the module extension Banach algebra (A+B) ⊕ M. With this setting and some calculations, one sees that Theorems 2.1 and 2.2 imply some main results in [12] . For instance, if A and B are unital and M is a unital A, B-module, then T is weakly amenable if and only if both A and B are weakly amenable. In fact, the condition can be weakened further to the following: there exist a bounded approximate identity of A and a bounded approximate identity of B that are also, respectively, left and right approximate identities for M.
Lifting derivations
In this section we give several lemmas concerning the lifting of derivations (and module morphisms) from
is a continuous derivation. The derivation Γ is inner if and only if there exists
Proof. It is straightforward to check that Γ is a continuous derivation. Noting that (Γ(x), 0) = Γ((0, x)) and Γ((a, 0)) = (0, 0), one can also see easily that the element F ∈ A (2m+1) described in the lemma exists if Γ is inner. Conversely, if such an element F exists, then
showing that Γ is inner.
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A similar proof gives the following lemma.
Lemma 3.2. Suppose that
T : X → X (2m) is a (continuous) A-bimodule mor- phism. Then T : A ⊕ X → (A ⊕ X) (2m) , defined by T ((a, x)) = (0, T (x)),
is a continuous derivation. The derivation T is inner if and only if there exists
Concerning dual operators we have the following.
Lemma 3.3. Suppose that k > 0 is an integer, and that
for a ∈ A and F ∈ X (k+2m+1) .
Proof. The lemma is true for m = 0 because
is a (continuous) derivation; here we take the first Arens product in each A (2m) . Then, the above shows that
and
for u ∈ A (2m) and F ∈ X (k+2m+1) . In particular, when u = a ∈ A, these give the formulae in the lemma.
Lemma 3.4. Let m be an integer. Suppose that
is also a (continuous) derivation. Moreover,
if D is inner, then so is D; 2. if D is inner, then there exists a (continuous) derivation
Proof. For a, b ∈ A and x, y ∈ X, we have, from Lemma 3.3,
Thus,
This shows that D(a) = aF − F a for all a ∈ A, and hence D is inner.
for (a, x) ∈ A ⊕ X. Therefore, D − T is an inner derivation. This in turn implies that T is a (continuous) derivation. So D = T satisfies all the requirements. This completes the proof.
Then, straightforward calculations yield the following result. 
Proofs of the main theorems
We first prove Theorem 2.1.
, and let τ 1 : A → A ⊕ X be the inclusion mapping (i.e., τ 1 (a) = (a, 0)). Then ∆ 1 and ∆ 2 are A-bimodule morphisms, and τ 1 is an algebra homomorphism.
We now prove the sufficiency in Theorem 2.1. Suppose that conditions 1-4 hold. Suppose also that D:
is a continuous derivation, and there is a continuous derivation D:
Denote by τ 2 : X → A ⊕ X the inclusion mapping given by
We have that D is inner. Thus D = D + (D • τ 1 − D) is inner. This proves that A ⊕ X is (2m + 1)-weakly amenable.
Necessity: Suppose that A⊕X is (2m+1)-weakly amenable. Then from Lemmas 3.5 and 3.4, H 1 (A, A (2m+1) ) = {0} and H 1 (A, X (2m+1) ) = {0}. Therefore, conditions 1 and 2 hold. Furthermore, Lemma 3.1 gives condition 3, and Lemma 3.5 shows that condition 4 holds. This completes the proof of Theorem 2.1.
We now turn to the proof of Theorem 2.2.
Proof. Denote by τ 1 and τ 2 the inclusion mappings described in the preceding proof from, respectively, A and X into A ⊕ X, and denote by ∆ 1 and ∆ 2 the natural projections from (A ⊕ X) (2m) onto A (2m) and X (2m) , respectively. These are A-bimodule morphisms.
To prove the sufficiency we assume that conditions 1-4 in Theorem 2.2 hold.
are continuous derivations.
To prove claim 1, by condition 3 it suffices to show that Γ is an A-bimodule morphism satisfying xΓ(y) + Γ(x)y = 0 in X (2m) for x, y ∈ X. In fact,
Thus, xΓ(y) + Γ(x)y = 0. On the other hand,
Similarly, Γ(xa) = Γ(x)a and so Γ is an A-bimodule morphism. Therefore, claim 1 is true.
Claim 2: T (ax) = D 1 (a)x + aT (x) and T (xa) = xD 1 (a) + T (x)a for a ∈ A and x ∈ X.
In fact, from claim 1,
Similarly, (0, T (xa)) = (0, xD 1 (a) + T (x)a), for a ∈ A and x ∈ X. Thus, claim 2 is true. Therefore, by condition 1,
is a continuous A-bimodule morphism. In fact, from claim 2, for a ∈ A and x ∈ X,
Similarly, T − T 1 is a right A-module morphism. From condition 4, there is a v ∈ A (2m) such that av = va for a ∈ A, and (T − T 1 )(x) = xv − vx for x ∈ X. From Lemma 3.2, we have that
is an inner derivation.
is a continuous derivation, it is inner by condition 2. From Lemma 3.5,
is also inner. Using claim 1, we now have
for a ∈ A and x ∈ X, it gives an inner derivation from A ⊕ X into (A ⊕ X) (2m) . Hence as a sum of three inner derivations, D is inner. This shows that under conditions 1-4 of Theorem 2.2, A ⊕ X is 2m-weakly amenable. Now we prove the necessity. Suppose that A ⊕ X is 2m-weakly amenable. Let D: A → A (2m) be a continuous derivation with the property given in condition 1.
is a continuous derivation and hence is inner. This implies that D is inner, and so condition 1 holds. The other conditions are consequences of Lemma 3.5 and Lemma 3.2. The proof is complete.
The algebras A ⊕ A and A ⊕ A *
In this and the following section we consider several concrete cases. This section deals mainly with the two cases X = A and X = A * as Banach A-bimodules. We first note that, if A is not amenable, then there is a Banach A-bimodule X such that H 1 (A, X * ) = {0}. From Theorem 2.1, for this X, A ⊕ X is not weakly amenable. In fact, the Banach algebra A ⊕ X is never weakly amenable when X = A * , as implied in the following proposition.
Proposition 5.1. Suppose that A is a Banach algebra. Then
A ⊕ A * is not nweakly amenable for every n ≥ 0.
Proof. From Proposition 1.2 of [10] , it suffices to prove the cases of n = 0, n = 1 and n = 2. Note that condition 3 0 does not hold, because the identity mapping from X (= A * ) onto A * is a nonzero, continuous A-bimodule morphism. So the proposition is true for n = 1.
For n = 2m with m = 0 or m = 1, if condition 4 in Theorem 2.2 holds for X = A * , then the operator T described in this condition has the property that T (f ) ∈ A ⊥ for f ∈ X. In fact, for a ∈ A, we have
But X = A * certainly does not annihilate A. So, as A-bimodule morphisms, the identity mapping (in the case m = 0) from X onto X and the inclusion mapping (in the case m = 1) from X into X * * do not satisfy condition 4. Consequently, A ⊕ A * is not 2m-weakly amenable for m = 0 and 1.
Now we consider the case that X = A. To avoid any confusion, from now on, when we regard A as an A-bimodule, we will use the notation A instead of A. If X = A, condition 4 in Theorem 2.2 never holds for any integer m (the canonical embedding is a nonzero morphism). It turns out that A ⊕ A is never 2m-weakly amenable for any m ≥ 0. If A is commutative, for the same reason we can conclude more as in the next proposition. Recall that an A-bimodule X is symmetric if ax = xa for a ∈ A and x ∈ X.
Proposition 5.2. Suppose that A is a commutative Banach algebra. Then for every nonzero, symmetric A-bimodule X, A ⊕ X is not 2m-weakly amenable.
Proof. Let X be symmetric. Then xu = ux for u ∈ A (2m) and x ∈ X. Since the canonical embedding from X into X (2m) is a nontrivial A-bimodule morphism, condition 4 in Theorem 2.2 does not hold for such a module X.
But A ⊕ A can be weakly amenable. Before giving an example let us go through some relation identities for corresponding elements of A (n) and A (n) . Suppose that φ ∈ A (n) . We denote the same element in A (n) byφ.
Lemma 5.3. Suppose that A is a Banach algebra, and let
Proof. It is straightforward to check the identities for the case m = 0. Then, an induction on m completes the proof for the general case.
A special case of Lemma 5.3 is the following group of identities which will be used in the proof of the next theorem:
where a ∈ A, x ∈ A, φ ∈ A (2m) and F ∈ A (2m+1) . From these identities, we also see that, for X = A and m ≥ 0, condition 3 in Theorem 2.1 holds if and only if there is no nonzero A-bimodule morphism T from A into A (2m+1) , and that, if this is the case, then condition 4 holds automatically. Moreover, with X = A, conditions 1 and 2 of Theorem 2.1 are the same. Proof. By condition 1 of Theorem 2.1, without loss of generality, we can assume that A is weakly amenable for both cases. If span{ab − ba; a, b ∈ A} is not dense in A, then there exists f ∈ A * such that f = 0 and ab − ba, f = 0 for a, b ∈ A.
is an A-bimodule morphism. According to Proposition 1.3 of [10] , A 2 , the linear span of all product elements ab, a, b ∈ A, is dense in A. So there are a, b ∈ A such that ab, f = 0. This implies that T = 0. Therefore, condition 3 0 does not hold. As a consequence, A ⊕ A is not weakly amenable.
If span{ab − ba; a, b ∈ A} is dense in A, and A has a bounded approximate identity (e i ), then, for every given continuous A-bimodule morphism T : A → A * , we have T (a) = af = f a, where f is a weak* cluster point of (T (e i )). Therefore, ab − ba, f = 0 for all a, b ∈ A. This shows that f = 0 and hence T = 0. Thus conditions 3 and 4 in Theorem 2.1 hold for m = 0. The other two conditions hold automatically for m = 0. So, from Theorem 2.1, the second statement of the theorem is true.
From case 1 of Theorem 5.4 we immediately have the following corollary.
Corollary 5.5. If A is a commutative Banach algebra, then A ⊕ A is not weakly amenable.
Let H be an infinite-dimensional Hilbert space. According to a classical result due to Halmos (Theorem 8 of [18] ), every element in B(H) can be written as a sum of two commutators (see also [4] and [5] ). Together with the fact that B(H) has an identity and, as a C * -algebra, is weakly amenable [17] , from Theorem 5.4 we see that B(H) ⊕ B(H) is weakly amenable. Later in this section we will see that it is in fact (2m + 1)-weakly amenable. 
Proposition 5.6. Suppose that
Proof. For an infinite-dimensional Hilbert space H, there exists an isometry η: 
H i be the bounded operators given by the infinite matrices
The following result on the 2n-th dual of B(H) seems not to be known.
Lemma 5.8. For every integer
Proof. By taking weak* limits and using induction, one can show the result immediately from Lemma 5.7. In this section we consider the case that the module action on one side of X is trivial. We denote by X 0 (respectively, 0 Y ) specifically the A-bimodules with right (respectively, left) module action trivial. We observe that, when X = X 0 , conditions 3 and 4 in Theorem 2.1 are reduced, respectively, to the following: 3 0 . for each continuous A-bimodule morphism Γ:
such that F a = 0 for a ∈ A and Γ(x) = xF for x ∈ X 0 ; 4 0 . AX 0 is dense in X 0 . Proof. Since A has a bounded approximate identity, from Proposition 1.5 of [23] , condition 2 in Theorem 2.1 always holds for X = X 0 . If AA (2m) = A (2m) , then there is no nonzero, continuous A-bimodule morphism T : X 0 → A (2m+1) , since such a morphism must satisfy au, T (x) = u, T (xa) = 0 (a ∈ A, u ∈ A (2m) ). So condition 3 0 holds automatically.
For m = 0, the above proposition yields the following. A dual result to Corollary 6.2 is as follows. We denote the same element in A (n) byφ. Similarly to Lemma 5.3, one can check that the following equalities hold:
(m ≥ 0).
Proposition 6.4.
Suppose that A is a (2m + 1)-weakly amenable Banach algebra with a bounded approximate identity. Then A ⊕ A 0 is (2m + 1)-weakly amenable.
Proof. As in the proof of Proposition 6.1, it suffices to verify conditions 3 and 4 . Condition 4 0 holds since A has a left bounded approximate identity for A 0 . Let (x α ) ⊂ A 0 be a net such that (x α ) is a bounded approximate identity for A. If Γ:
is a continuous A-bimodule morphism, we let F be a weak* cluster point of (Γ(x α )). Let the element in A This implies that Γ(ax) = 0 for a ∈ A and x ∈ A 0 . So Γ(x) = 0 for all x ∈ A 0 . Therefore, condition 3 0 holds.
is a continuous A-bimodule morphism. Let v be a weak* cluster point of (T (x i )), where (x i ) is a bounded approximate identity for
∼ . Hence T (x) = ux. On the other hand, ua = au since A is commutative. Condition 4 0 holds.
Although we have already had an example of a Banach algebra which is (2m+1)-weakly amenable but not 2m-weakly amenable (see Proposition 5.9; another known example is the nuclear algebra N (E) with E a reflexive Banach space having the approximation property [10, Corollary 5.4]), we end this section by giving one more example of a weakly amenable Banach algebra which is not 2-weakly amenable.
Suppose that A is a weakly amenable Banach algebra with a bounded approximate identity and satisfying that AA * = A * A (an example is A = L 1 (G) with G a non-SIN locally compact group; see [28] and [25] for the reference of SIN groups, and Theorem 32.44 of [20] as well as [26] for the property we need here). Without loss of generality, we assume that AA * A * A.
Example 6.6. For the above Banach algebra A, A ⊕ A 0 is weakly amenable but is not 2-weakly amenable.
Proof. From Proposition 6.4, A ⊕ A 0 is weakly amenable. We show that condition 3 0 does not hold for m = 1. Take a φ ∈ A * * for which φ| AA * = 0 but φ| A * A = 0 (notice that by Cohen's factorization theorem, AA * is closed in A * ). Then φa = 0 for all a ∈ A and aφ = 0 for some a ∈ A. Let T : A 0 → A * * be defined by T (x) =xφ. Then T is a continuous A-bimodule morphism and T = 0. Since
we have T (x)y = 0 for all x, y ∈ A 0 . Therefore, condition 3 0 is not satisfied.
Weak amenability does not imply 3-weak amenability
Suppose that X 1 and X 2 are two Banach A-bimodules. We denote by X 1+ X 2 the direct module sum of X 1 and X 2 , i.e., the l 1 direct sum of X 1 and X 2 with the module actions given by a(x 1 , x 2 ) = (ax 1 , ax 2 ), (x 1 , x 2 )a = (x 1 a, x 2 a). For this module we have the following equality:
In this section we shall first study the weak amenability of the Banach algebra A ⊕ (X 1+ X 2 ). Then we shall give an example of a weakly amenable Banach algebra of this form which is not 3-weakly amenable. 
For (x 1 , x 2 ), (y 1 , y 2 ) ∈ X 1+ X 2 , and a ∈ A, we have
Then, from condition 4 of Theorem 2.1, T = 0. Thus γ = 0. As a consequence, (ii) holds. To prove that (ii) implies (iii), we suppose that η:
is a continuous A-bimodule morphism. Therefore, γ = 0. This implies that η * = 0 since η * is weak*-weak* continuous and X 1 is weak* dense in X * * 1 . Thus, η = 0, showing that (iii) holds. Similarly, one can prove that (iii) implies (ii).
Finally, we prove that (ii) + (iii) implies (i). Because A ⊕ X 1 and A ⊕ X 2 are weakly amenable, conditions 1-3 of Theorem 2.1 hold automatically for X = X 1+ X 2 and m = 0. We show that condition 4 also holds. Suppose that T : X → X * is a continuous A-bimodule morphism satisfying (x 1 , x 2 ) · T ((y 1 , y 2 )) + T ((x 1 , x 2 )) · (y 1 , y 2 ) = 0 ((x 1 , x 2 ), (y 1 , y 2 ) ∈ X).
which cannot be a bounded operator.
For each n ≥ 1, denote by V n the subspace of H generated by {e 1 , e 2 , . . . , e n }, and let P n be the orthogonal projection from H onto V n . Then, from Corollary II.4.5 of [6] , for every k ∈ K(H) and ε > 0, there is n = n(k, ε), such that P n •k −k < ε. 
cl(F B(H)).
Then we have the following example. 
